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1. Introduction

It is well known that besides the two basic parametric relations in
a balanced incomplete block design, some other relations must also
hold for the existence of a design. Thus Fisher (1940) showed that
b must be greater than or equal to v. Bose (1942) showed that for
a resolvable balanced incomplete block design b —r v — 1 and for
an afRne resolvable design is divisible by v further. Nair (1943)
showed that

A 1 > k{r-W •
" ^ r-k + Xik-1)

Kishen and Rao (1952) established from complementary designs the
the inequalities corresponding to Fisher's and Nair's, viz.,

b'^ V+ r — k

and . .

, 1 ^ {v-k){b-r-1)^
" ^ ^ ib-v-r-^k) +{b-2r-VX){v-k~ I)

It has been shown in this paper that if r and k have no common
factor, 6 — /• > V— 1 and the design satisfies the condition of
resolvability. In such designs, A is equal to the remainder left when
r is divided by k and /c — 1 is divisible by A.

When r and k have a common factor, say, S, as H.C.F. and r^ k,
b — r > V— I if X< S; for the equality b —r = v — 1, Amust be
a multiple of S. b —r can be less than v —1 only when Ais greater
than S. Further when S is greater than one, no design can be
resolvable. When 6'> 1, a design can be obtained if some value of

can be found so that

>• (k - 1)
r — ni-kjS

is an integer.
2. Some Lemmas

In order to get the results it is required to prove the following
lemmas:
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Lemma 1. k {b — r)jv — 1 is an integer.

If from a design the r blocks containing any particular treatment
are rejected, then the remaining b — r blocks will contain v — 1
treatments, each treatment being replicated — A times.

Hence

k{b-r) = {v- 1) (r-A)

i.e., k{b —r)/v —1 is an integer being equal to r — A.

Lemma 2. r {b — r)jy — 1 is an integer.

We have

A^r(^
V — 1

I.e.,

I.e.,

B-0
V - 1

_ r (vr - b)
' v-1

which shows that r {b —r)/v - 1 is an integer.

Lemma 3. ^ (v - l)/r is an integer.

We have

A: (v - 1) _ V(v - 1) _ k{k-[\
r , b ^

I.e.,

and

/c(v 1) = .

, ,,
V(v — 1) = t>.

Now if k (k —1)/A is not an integer, let A^ be the common factor
between k{k —1) and A, so that k{k —i) = A\ and A= a\
where A and a are prime to each other. So
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and

fc (V - 1) = - r
^ - a

v(v-l) = ^
Hence each of r and b must be divisible by a. So let r = afi and
b = abx- The design will, in this case, be of the form

•V = \,b = abi, k = k, r = ai\ and A== a\

But this is actually the design

V= V, b = bi, r = r^, k = k and A=

repeated a times.

Hence in all designs excepting those obtained by repeating a design
k(k ~ 1)/A, i.e., k{v —1)//- niust be .an integer.

3(a). \^HEN r AND k have NO Common Factor b—r^v —I
From lemmas (1) and (2)

b — r _ r — \ _ r^ — b?^ _ til
7^ ~ k ~ r ~ S '

where tii is the H.C.F. of r — X and — bX and S that of r and it,
i.e.,

, 6-/• = 1 (v-i).

Thus when r and k are prime to each other, 5" = 1 and hence
b^r'^v — l.

3 {b). A IS EQUAL to the Remainder when r is divided by /c

AND IS ALSO A FACTOR OF it — 1

From lemma (3) i,;

V— 1 _ N _ i , , /
r ~ k ~ S

where N is an integer and Hg is the. H.C.F. of v — 1 and N. So
when S = 1,

v-1 k-1
= —i;—• = «3 i
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Hence A is a factor of A: — 1 and so less than k. Now we have

r k \ from (1). Hence when 5" = 1, Ais the remainder left
O

when r is divided by k and is the quotient.

4. Relations when r and k have a Common Factor and r#

We have

iti _ r — \
S ~ k

I.e..

and

r

«i = ko

where kg = kjS.

Hence in such designs r = + A. A designcan be obtained in
such cases if some value of can be found such that r{k — l)/(r —n-ik^
is an integer.

As

_ A
'S'

S k kg

where r = r^S,

itilS will be greater than unity if S > X. That is for all designs
where r and k have a common factor, S, such that S> \ b — r
will be greater than v — 1.

Again n^S can be unity, i.e., b — r will be equal to v —1 only
when A is a multiple of S.

Also b — r can be less than v — 1 only when X> S.

5 (a). When r and k are Prime to each other, the Design
SATISFIES THE CONDITION OF RESOLVABILITY

We have seen thai

•i-r =|(.-1)
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So

h r - rb - r - r.

I.e..

Thus when S = I, the design wiU have b divisible by r.

5(b). If S> 1, THE Design cannot be Resolvable

We have seen that

1 (V - 1)

and

I.e.,

Now

I.e..

i" = 1 + ^
X ^ ^ S A-

b —r _ Jh (v —1) ^ fh (fc —1)
r S r S X

r " S X S X

r 1_
A S' X

'-"i

rko -ro +

Afco
S

Hence fc/r cannot be an integer if S> .X even though in such c^ses
6 — r> V— 1.
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Again from the equation

b s
r - A

We get when b — r = v — \

b _ r - 1.
r , . A , .

As in this case Ais a multiple of S, i.e., say A= X^S,

1

b '•o - 7^
1 ^ '

r ^0

This is evidently a fraction. Thus bjr cannot be an integer when
b — r = V — I and >5 > 1.

Thus it is seen that if r and k have a common factor, no design
can be resolvable. The proof, however, does not cover the designs,
if any at all, where A is divisible by S and — XjS > kg.

6. Summary

If r and k in a B.I.B. design have no common factor b — v — \
and the design satisfies the condition of resolvability. In such designs
A is equal to the remainder left when /• is divided by k and k — \
is divisible by A.

When r and k have common factor, say S, as H.C.F. and r # k,
b —r > \ —I if \< S. For the equality b — r = v —1, A must
be a multiple of S. b — r can be .less than .v —1 only when A is
greater than S. When, 5' > 1 a design cannot; be resolvable. When
5' > 1 a design can be obtained if some value of n-^ can be found
so that

r.{k-l) L
k

'• - -cT

is an integer.
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